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OSCILLATIONS OF PLATES UNDER THE ACTION Ol: CONCENTRATED LOADS
IN AN ACOUSTIC MEDIUM

V.A. GOLOVANOV, A.L. POPOV, and G.N. CHERNYSHEV

Steady-state oscillations induced by concentrated forces acting on infinite isotropic
and orthotropic plates in contact with a liquid are considered. On the basis of an
asymptotic integration of the equations, an approximation method for solving the
problem is proposed. Explicit expressions are obtained for the first approximations
of deflections of the plates and the acoustic pressure in the medium. In the case
of an isotropic plate, numerical integration of the equations in an exact formula-
tion is also carried out and a comparison with the approximate analytic solution
given. The isotropic plate problem has been previously considered /1—4/.0ur study
complements these results, and makes it possible to break up the initial problem in-
to several simpler problems and to identify the structure of the integrals and
simplify the solution method. As a result we are able to generalize our method to
boundary value problems. A solution of the orthotropic plate problem (which has not
previously been considered) is obtained.

1. sSteady-state oscillations of an infinite isotropic plate in contact with a liquid
and affected by a specified harmonic load ¢ (z, y)e '®' may be described by the following system
of equations (the time factor is omitted everywhere below) :

hy?Ayw — Nap = (2ER) g — P |,_y), AP + kP =0 (1.1)
P B _® e _[E\h
T =0t M =gty b= k= w=(g)

Here wand h are the deflection and half-width of the plate; E, v, and p,, Young's modulus,
the Poisson coefficient, and the density of the material of the plate; p and ¢, density of
liquid and speed of sound; P, acoustic pressure; A and A,, Laplacian operators in space and
on the surface of the plate; , oscillation frequency; =z, y rectangular Cartesian coordinates
in the middle plane of the plate; and 2z, normal to the plate directed into the liquid. The
exciting load g¢(z, y) constitutes either a linerly concentrated force Q8 (x — z,) referred to
a unit of length or a concentrated force Q8 (z — z,, y — y,), referred to a unit of area.

The system of equations (1.1) contains the coefficient &, in the case of higher deriva-
tives. In plate and shell theory, its ratio to the square of the characteristic linear dimen-
sion is taken as a small parameter. The choice of the characteristic dimension is not impor-
tant. For the sake of definiteness, the wavelength ! at the coincidence frequency /2/, at which
the phase velocity of the free deflection waves in the plate is equal to the speed of sound in
the liquid, may be suggested. The introduction of the small dimensionless parameter hel 1=
(/2n) (¢ /o) in (1l.1) is made by "stretching" the coordinates z and y by a factor of I~/:, Here
the form of the equations (1.1) remains unchanged.

Because of the presence of the small parameter, it is possible to construct asymptotic
integration processes, that is so~called first and second iterational processes, by means of
which the slowly and rapidly varying components of the solution may be correspondingly deter-
mined. With reference to equations of shell theory, such processes have been previously con-
structed /5/ on the right side using a 8-function. 1In this case, where the equation of
oscillation of the plate with a d-function on the right side is complemented with the equa-
tion of the oscillation of the liquid, the problem must be stated somewhat differently.However,
the basic approach to the construction of iterational processes is retained. We will construct
a solution of the initial problem following this method, and then estimate the error of the
solution.

Let us first consider the oscillation problem for a plate resting on a liquid and sub-
jected to a linearly concentrated force applied along the line z = z,. In this case, the
problem is two-dimensional. In the first approximation, we represent the pressure of the
liquid near the plate in the form /6/
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P(z,z)zP(x,O)e-ﬁi (1.2)

(@ is an unknown parameter). Where |a| is high enough, this representation corresponds  to

v-zrnr’l'lv varving boundary cecillations of the liguid
rapi rying bounda ry ascilla the Lliguid.

We substitute expression (1.2) in equation (1.1). Using the relation between the normal
der:.vatlve of pressure on the surface of the plate and the deflectlon, we express P (z,0) in
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equa w. The system of equaL.Lunz, {at £ = \);
By AgPw — A1 + a7'g) w = (2ER)T'QS (x — zo), g = p (Zhpy)t (1.3)
Aw A+ (@ +FB)w=0 P 0) = —o’pctw, A, =i

is obtained, in which the compatibility condition is given by the equality

(a® + 552 = Q2 (1 4 07g), Qf = A% 7 (1.4)

3 2Eg AR~ AL

which constitutes a fifth-degree algebraic equation in a.

From an analysis of equation (1.4), it is clear that one of its roots a; — @, two of its
complex-conjugate roots a,, a; = g, have positive real part, further |a,|~a,, Reay <€ a,, and
two of its complex-conjugate roots have negative real part. The roots a;,, correspond, by
(1.2), to an acoustic pressure component that attenuates with distance from the plate, and the
root with negative real part corresponds to the increase in the component. Belowwe will prove
that the increasing pressure component exerts a weak influence on the plate's modulus of flex-
ure. In constructing the first approximation of the solution, therefore, we will take into
account only the roots aq

With each root a,,, , we may associate definite integrals of equations (1.3). Integrals
that oscillate about the r-axis correspond to the root a,, while integrals that attenuateby
an oscillating exponential law with distance from the line of action of the force correspond
to the roots a,,;. The general solutions (w,, P, with » » z, w_.P_ if r <z, satisfying
the condition for div rging waves has the form

W= :\ Eexp [T s (0 — To}],  So= ~ifa? - EHr, s =8, (1.5)
Py=— 0¥ 2 cira exp [T sy ( — 20) — aj3), $y =i (@224 k2)e
j=t

The constants c¢;*{j = 1,2,3) are determined under the assumption that the solutions (1.5) are
conjugate along the line of action of the force:

wl = 8,007, Pz, 0y — P (2, 0) =0, D= 2Ehh?

Once we have determined the constants ¢;¥, we arrive at an expression for the deflection:

w (@) = zgdu [ exp(zblx—xn[)+Im<——~0xp(——81]r~—$0|))J (1.6)

o == Ten ast b =18, biwo— it gt
., g ima,, 184, O3 =104 as

This eguation has two terms, the first of which corresponds to a diverging, undampedwave,
while the second, to a standing wave that rapidly damped with distance from the line of action
of the force.

Let us now consider the case of a concentrated force. A zero-order Hankel function of
the first kind HY (in the case of a,) and modified Hankel functions K, (in the case of
a3 which depend upon the polar radius r, are integrals of equation (1.3) corresponding to
the roots a;(j = 1,2,3) and which satisfy the condition for diverging waves. The general solu-
tion.

w () = ¢, HW(br) + Ky {si7) 4 cfo(sy7) .73

has, in general, a logarithmic singularity at the point of application of the force. However,
it is known that the selection of a plate in a vacuum has a principal singularity of the form
retlnr, /5/, where r, is the dimensionless radius. By (1.3), the pressure singularity P (z, 0)
is of the same order of magnitude. Therefore, the coefficients of Inr, in the expansion of
the functions wand P {(z,0) in a neighborhood of the point of application of the force rwrust
vanish, while the coefficient of the principal singularity w is a known value x /7/.

These regquirements lead to the system of equations

€ro + Ca + ey = 0, 8,70 sk + sy = —4x, ¢, = —2inley (1.8)

alew + a;’c:; + a;ICS =0, %=0OaD)"Q
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Substituting the constants ¢; determined from these conditions in {(1.7) and taking into
account the relation between the deflection and pressure (1.3), we obtain an approximate solu-
tion of the problem in the form

w {r) = 4udy" i (7/2) by (br) —Im (813K o (51, 1)) (1.9)
4 LT b, b ”
P(r,2)=— 0% 7;:-’— {l —;—'— - oy (brye=az — Im [-;'f— Ko (1) e‘“—'z:”

Let us compare this solution with previously published solutions of the problem. We start
with the asymptotic solution of (1.9) for the case of great distances between the point of
application of the force (at #r3-1) and the asymptotic curve obtained by the saddle-point
method /4/.

The asymptotic expression for P{r, z}) obtained from (1.9) in the case of k> 1 may be writ-
ten in the form

P (r, ) = —ibA2Qf(4hh,%adoV Imbr) exp [i (br — #/4) — a,2] {1.10)

The asymptotic curve of a surface pressure wave has the form /4/

ig 0P~ 1 expli(krg, — b)) — ks ¥V g — 1] (1.1D)
P, 2) mem Tes? Q .l/'.’.nkr% 5q1t — 4g,° — P?

q® - Pigy — sf® = 0, s = ghycee™!, B = g (ks)!

These expressions for the values of the wave thickness 2i: under which f3>14, vield ex-
tremely close numerical results. When f <1, formula (1l.1l1) is not applicable, whereas no such
constraint applies in the case of formula (1.11). This asymptotic formula becomes more precise
with increasing &h.

The size of the plate deflection determined from (1.9) at the point of application of the
force was compared by means of the formulas

w{D)== Re w {0) 4 i Im w (0}, Tm w (0) == 2axhyds™ {1.12)
Re w {0) = ~~4xdg™ Im b5l (bs; )]

to the deflection induced by a force as found in /1/. A comparison for the case of a platein
contact with water (p/p=7,8) showed that the values of the modulus of deflection become closer
together with the increasing wave half-width of the plate k. The greatest divergence is
found in the case of the minimal values &k =0.005 found in the computations, and amounts to
10.6%.,

Our solution (1.9) was also compared to a numerical solution of the initial problem (1.1)
in the case of a concentrated force. The values P and w were computed using the formulas

oo —_

kr V14 08

S S (kr, nindn, S (kr, n):m% (1.13)
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Pr.a=%0 \ sw ot p=(0,5)
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o () = T

obtained by means of the Hankel transformations /1/. In (1.13), J, is a zero-order Bessel
function of a complex argument.

Results of computations of the deflection at the point of application of a force are
presented below, where wy, w; and wg®, we denote the real and imaginary parts of the deflection
corgputed using formulas (1.12) and (1.13) and referred to 2t and multiplied by a factor of
10°.

2kh 0.01 0.05 0,40 0.15 0.20
wg 308 32 10 5 3
wy 4711 —1143 —586 400 —304
wgo 884 182 93 81 44
e —4252 —1041 —564 —395 —308
It is clear that the values of |[wy| are much less than |u;|. The imaginary part is also

greater than the normal derivative of the pressure of the liquid on the plate surface.

The solid cruve in Fig.l denotes the real and imaginary parts of the dimensionless pressure
P* = Pp* + iP;*, P* = Pl{kgQ) plotted as a function of z at r =10 and kk= 0., as computed using form-
ulas (1.13).
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\ These computations show that the real part of the pres-
.\\,\ sure on the plate surface and the real partof the deflection
\ ; corresponding to it need not be taken into account ina first
approximation when determining the modulus of deflection near
the point of application of the force.

The imaginary part of the deflection determined wusing

s - /,,” (1.12) are close to results of numerical computations. The
\\D :::>ﬁ~——~‘ divergence between them amounts of 10.8% at 2rkh=6.01{, and

T ] decreases with an increase in kh, amounting to 0.7% when
4 2 ¢ 42 fh= 04 . In determining the real part of the deflection, the

error in (1.12} is significant. This may be attributed to
the fact that its magnitude is small, not exceeding the er-
ror of the first approximation of the solution of (1.12).

To correctly determine the real part of the deflection, it is necessary to take into ac-
count the slowly varying component of the solution. According to the asymptotic method of in-
tegration, the first approximation of this component may be determined from the system of equa-
tions (1.1} by setting the coefficient 5i* of the higher derivatives equal to zero. The equation
of the plate oscillations and nonflowing conditition thereby reduced to the condition {(at z -

Fig.l

—g9PI6: + P (2, 5, 0) = (b (=, 1) (1.14)

which turns the determination of the pressure P into a boundary-value problem, independent of
the plate problem.

Thus, the asymptotic method of integration breaks up the initial problem of the compati-
ble oscillations of a plate and liquid into two independent problems: (1) short-wave plate
oscillations accompanied by boundary oscillations of the liguid, and (2) long-wave oscilla-
tions of the liguid.

The pressure field in the liquid was computed using formulas (1.13) in the case of both
the complete equations of oscillationg of the plate (1.l) as well as for the degenerate egua-
tions (h,2=0). A comparison of the results of these computations confirm the correctness of the
asymptotic representation of the solution of the Helmholtz equation with boundary condition
{1.14) as the slowly varying components of the exact scolution of the initial problem. The
solid curves in Fig.l show the real and imaginary parts of the pressure computed for the case
of a degenerate boundary condition (1.14). <Clearly, the divergence from the exact values of
the corresponding components is substantial only near the plate. When #>2, it becomes
negligibly small. Thus, the asymptotic approach may be used to compute the pressure in a
liquid, beginning at some distance from the plate, independent of the computation of the type
of oscillations of the plate.

The near pressure field may be computed using the asymptotic formula (1.9). However, it
must be borne in mind that when z=0, expression (1.9) for P has a logarithmic singularity
with respect to r. The coefficient of Inr behaves with increasing : firyst as an increasing
function, and then attenuates exponentially. Consequently, expression (1.9) for P coincides
with the attenuating component of the rapidly varying part of the exact solution of problem
(1.1) near the plate everywhere other than at points on the :z-axis (r-:0). If the expression
for P from (1.9} is substituted in the Helmholtz equation (1.1), a discrepancy appears in the
form of a product of the ¢§-function of r and the function of 1z, equal to the coefficient of
Inr,. This discrepancy may be eliminated using the second approximation of the solution of
problem (1.1}.

Let us estimate the order of magnitude of the second approximation. For this purpose,
we represent the solution of the initial equations (l1.1) in the following form

P Pyt Py, ow== wy -+ iy
where P, and w, denote the functions in (1.9). The equations for P; and u, obtained by sub-
stituting P and w in (1.1) have the form

Ry 2%, — Mwy + {(2ERYL Py{z,y, 0y = 0, AP, 4 KP =8 {(z, 1) F (3} (1.15)

ap, " il [_b_i. T (_b}.’i —a;:)]
T == wpw,, F (2) = w?p 20 Lo e — Im Pl

2=l

The order of magnitude of w, with respect to w may be found by means of a Fourier trans-
formation of the systems (1.1) and (1.15) in the plane of the plate. Integrating the ordinary
differential eguations in z relative to the mappings pis2z and p; (s, z) and relating them to the
mappings w{s) and 1wy (s), then estimating the inverse transformations, retaining higher orders
of the guantities, we arrive at the conclusion that, relative to w,w, constitutes (in the
sense of a norm) a guantity on the order Reays < 1, where g, and ay are the roots of the
algebraic equation {1.4). Hence, our solution w, is a good approximation for high enough
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values of ¢,. This holds in the range of high and intermediate frequencies. It may be im-
proved only at low oscillation frequencies (2kh < 0.01). Note that this range of applicability
of the first approximation in our method extends the domain of application of the solution
obtained in /2,4/ and gives good results when kh<< 4.

2. The method developed above can be generalized to oscillation problems in which the
oscillations are induced by concentrated forces applied to anisotropic plates interactingwith
a liquid. Previously developed methods for the case of isotropic plates are not efficient in
this case. Without any limits on generality, we will consider an orthotropic plate, in which
the operator DA,?2 1is replaced by

o4 i 94
Dl‘wﬁ-zl)am}? +D~:a—y4

where D; (i = 1,2,3) are the rigidity coefficients (see, for example /8/). 1In this case, equa-
tion (1l.1) may be solved by means of the plane wave method /9/.

Let us represent the deflection of the plate, pressure in the liquid and &-function in
the form of integrals of the plane wave

2 2n

wzy)= WO Pey)=_dE2d (2.1)
0 0

6(1,y)=—ﬁ8—§%. E=uxcosP + ysinp

Substituting these integrals in (1.1} and (1.2) and equating the integrands on the left
and right sides, we obtain a system of equations for a plane wave. When 2z =0, this system
assumes the form

dW W
YO - B =— o2 Th @+ W=0 2.2)

v? (B) = D, cos'f + 2D4 cos? P sin?f + D, sin® B, Q* = 2hpy0?

which is analogous to equations (1.3). The corresponding algebraic equations for the pressure
attenuation indicators a also coincides in form with (1.4) and since ¥*f) >0, remains an in-
variant classification of its roots. Therefore, the solution (1.6) obtained for the case of
oscillations of an isotropic plate affected by a linearly concentrated force may be used as a
Green's function to solve the nonhomogeneous system (2.2) in the oscillation problem for an
orthotropic plate subjected to a concentrated force. If expression (1.6) is denoted by w, {(z,
z,), the solution (2.2) is written in the form

WE =T | v k) Er (2.3)

The cylindrical rigidity of an isotropic plate D occurring in w, (£, ) is replaced here
by 9% (B). The integrand w,(§, )& in (2.3) has an exponential singularity at the point g, =0, at
which it is locally nonintegrable. As has been previously proved /9/, the integral of such a
function may be treated as a Cauchy principal value. Applying the general rule to (2.3) we
arrive at an integral of the form

t F ow, d,
W= -7 | w -9

with integrable singularity at zero.
Substituting expressions (1.6) in (2.4) and performing termwise integration, we arrive at
an expression for W () in terms of the integral functions
@,
W= 4.«231(/.. [T by 08 11 — byFy —Im (b"‘F‘)] (2.3)
Fy = £y (2;) chz; — ¢ Shi (z,), F, = Ci(z)) cos 2, + Si (1) sin z,
N ¢ k4] X
3 . ' sh ~ s
Ey(@)=\-dt. Shim)=\Sld Si@={la
F P 3]

~
s ¢

Ci@=— {5 dt, a=blel, a==slt, |agu|n2

X
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If in (2.2) we set the rigidity coefficients D, = D (i =1, 2,3), we can prove that expres-
sion (2.5) may be transformed into (1.9) for the case of the deflection of an isotropic plate
in a liquid oscillating as a result of the effect of a concentrated force.

By substutiting (2.5) in (2.1), we arrive at the required solution of the oscillation
problem for an orthotropic plate in a liquid subjected to a concentrated force in the form of
the guadrature of known functions. These functions cannot be integrated using standard tab-
ular forms, and so integration is performed numerically.

As an example, we present results of a computation using (2.5) for the case of a fibre
glass-reinforced plastic plate lcm thick in contact with water and having the following elas-
ticity parameters: E,=- 2.26.10% N/cmz; EJE; = 1.35, G = 0.346 108 N/cm?; v, = 013. and ¢o./p= 1.7. The
plate is excited by a concentrated force with frequency 1 kHz and amplitude 1 kN.

In Fig.2 may be found terms showing the variation of the
imaginary part of the deflection w; along the orthotropic axes
w, X z and y (curve I and 2) which, as in the isotropiccase, yields
1 ) the principal contribution to the deflection value in a neigh-

/;:§< /17<:\A /4 borhood of the point of application of the force. Here may al-
0 S§<:;/ ‘\:RC;A so be found the nodal lines w; (because of the symmetry of the
2 ! solution, these curves are presented only in the first quadrant
-5 j of the zy ~plane). The form of the curve may be approximated
0.9 ! 1.5 Kx,xy by ellipses oriented in the direction of maximal rigidity and
having the semi-axis jo./by (along =3 and f, /I, (along).where
jos 5= 1,2...) are the zeroes of the Bessel function Jg, bu/bg =
(EJEQVL In the isotropic case (E;y = E; = E), the nodal lines as-
sume the form of concentrated circles with radii proportional
to the roots jos.

The method presented above for solving oscillation problems
occurring with infinite plates in a liquid excited by concent-
_\\k \\ ‘\ ' rated forces may also be applied to construct solutions in the

Ry =]

0.5

case of a plate subjected to a concentrated moment. From a
previous study /5/, it follows that we may associate with the
effect of a concentrated momentum the derivative of the §-
function in the same direction as the direction of the momentum.
In this case, a solution of the system (1.1) is written in the
form of the derivative along the corresponding direction of the
solution obtained from the case of action of a concentrated feorce.
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